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A noncooperative approach to plant-wide distributed model predictive control based on dissipativity conditions is
developed. The plant-wide process and distributed control system are represented as two interacting process and controller
networks, with interaction effects captured by the dissipativity properties of subsystems and network topologies. The plant-
wide stability and performance conditions are developed based on global dissipativity conditions, which in turn are
translated into the dissipative trajectory conditions that each local model predictive control MPC must satisfy. This
approach is enabled by the use of dynamic supply rates in quadratic difference forms, which capture detailed dynamic
system information. A case study is presented to illustrate the results. © 2012 American Institute of Chemical Engineers
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Introduction

Model predictive control (MPC) is perhaps the most suc-
cessful modern control approach applied in the chemical
industry, with a large, and growing, number of installations
globally." MPC can explicitly handle operational constraints
and has the ability to generate an optimal control sequence,
which are of particular importance in chemical process control
practice. Along with constraints, the large scale of plant-wide
control problems and strong interactions between units present
significant challenges in control practice. Mass recycle and
heat integration are common in modern chemical plants,
which are often designed to optimize steady state efficiency
and operation, not dynamic operability. These recycle streams,
which may be implemented at both the unit and plant-wide
level, represent positive feedback loops, which can be delete-
rious to control performance. The complexity of modern
chemical plants means that a centralized plant-wide control
approach is often not practical. The interactions, scale, and
complexity of modern chemical plants and the computational
load required for plant-wide MPC suggests a distributed
approach to plant-wide control is appropriate, for example, in
Dunbar® the distributed MPC is shown to yield superior per-
formance than decentralized MPC.

In distributed MPC strategies local controllers are allowed
to communicate with one another to improve predictions and
global performance while distributing the large computa-
tional load. However, the coordination of the individual con-
trollers is still an open problem. It has been shown that mod-
eling interactions and exchanging trajectories alone are not
sufficient to ensure plant-wide overall stability.® The typical
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strategies for ensuring MPC stability based on terminal con-
straints and terminal costs (e.g., Maciejowski4 and Mayne
et al.”) cannot be used to ensure plant-wide stability as the
effects of interconnections and interactions between subsys-
tems are not taken into account. As such, it is necessary to
implement plant-wide stability conditions for distributed
MPC.

Most recent developments are focused on cooperative dis-
tributed MPC approaches, where the controllers exchange
trajectory information to solve a global optimization problem
in their local input variables. This is in contrast to noncoop-
erative MPC, where the controllers optimize a local cost
function. It has been found that the Pareto optimal solution
can be obtained if controllers are allowed to iterate to con-
vergence and the closed-loop stability is assured even when
the iteration of the distributed controllers is terminated
before convergence.6 This is extended by introducing a
method to decrease communication overheads.” In Jia and
Krogh,® a stability constraint is placed on the state at the
next time step so as to allow short prediction horizons to be
employed. Approaches have been developed to implement a
distributed MPC system to coordinate with a pre-existing
lower level control system.”'® In Liu et al.'' iterative and
sequential nonlinear distributed MPC strategies are provided
in the case of communication delays and asynchronous sam-
pling. A detailed description of such distributed MPC given
in Christofides et al.'?

In this article, based on the dissipativity theory, a nonco-
operative plant-wide distributed MPC approach is developed.
The plant-wide process and distributed control system are
represented as two interacting process and controller net-
works, with interaction effects captured by the dissipativity
properties of subsystems and network topologies. The plant-
wide stability and performance conditions are developed
based on global dissipativity conditions, which in turn, are
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translated into the dissipativity conditions that each local
MPC must satisfy. This dissipativity assuring constraint is
then added to the online MPC algorithm. In this way, each
controller carries out individual (local) optimization based
on its local sensor output and the information from other
controllers, while the stability and minimum performance
conditions are formulated at a global level. Compared to co-
operative approaches, the proposed control is simpler to
implement and may require less communication, yielding a
more scalable approach suitable for distributed autonomous
controllers. It also allows for arbitrary control structure, from
fully decentralized control to distributed control with arbi-
trary controller communication network topologies.

In this work, the dissipativity conditions are used to capture
the interactions effects and ensure plant-wide stability and
performance. A useful feature of dissipativity based analysis
is that it allows for complex interconnections between systems
to be formulated in a “linear” manner, as the storage function
and supply rate of the overall interconnected system, are lin-
ear combinations of the storage functions and supply rates of
individual systems, respectively (based on the network topol-
ogy). This makes dissipativity theory an ideal tool for analysis
and control of large-scale systems. Focused on the interaction
effects, the proposed approach is different to the existing dis-
sipativity formulation in MPC developments where the dissi-
pativity conditions are used to ensure the stability of single
closed-loop systems. For example, the work of Lgvaas and
coworkers'>'* ensures the stability of robust MPC policies for
single systems. In Raff et al."® the passivity theorem is used
to ensure the closed-loop stability for passive processes. In
Chen and Scherer'® a dissipativity ensuring constraint is
placed on the online MPC algorithm, which allows for guar-
anteed H,, performance. Distributed H., control has also
been explored in Rice and Verhaegen.'”

The traditional concept of dissipativity is defined as a
property of the input and output spaces of a system which
does not apply to MPCs without a closed form. Therefore,
the concept of the dissipative trajectories is introduced in
this article. Another key feature of this work is the use of
dynamic supply rates and storage functions as quadratic dif-
ference forms (QDFs). QDFs include not only information
on the current input and output of systems, but also on the
predicted future inputs and outputs, thus, capturing much
more detailed information on the process dynamics than the
traditional static supply rates. This leads to less conservative
stability results, as shown in our earlier work,'® and more
detailed global performance designs.

The remainder of the article is structured as follows: The
next section provides a review of the relevant concepts of dissi-
pativity and QDFs, and introduces dissipative trajectories.
Then, a network view of plant-wide processes and distributed
control is presented, followed by the plant-wide dissipativity
analysis. Next, the global stability and minimum performance
bounds are formulated in a unified way in terms of dissipativity
conditions. This is followed by the proposed distributed control
design approach. Finally, an illustrative example is presented to
demonstrate the application of the proposed control approach.

Dissipativity and Dynamic Supply Rates

First introduced in Willems,lg dissipative systems are
those for which the increase in stored energy is bounded by
the amount of energy supplied by the environment. As an
input-output property of systems, dissipativity is useful in
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studying interconnected systems as it allows for much of the
complexity of the problem to be shifted to the interconnec-
tion relations, rather than studying centralized models. Once
the dissipativity of the subsystems is ascertained, the dissipa-
tivity based analysis for complex networks can be performed
easily, yielding a scalable approach. A discrete time dynami-
cal system with input, output and state u, y, and x, respec-
tively, is said to be dissipative if there exists a function
defined on the input and output variables, called the supply
rate s(u,y) and positive semidefinite function defined on the
state, called the storage function V(x(#)) such that"®

V(x(t+ 1)) = V(x(r)) < s(u(),y(1)) (1

for all time steps ¢. The following (Q,S,R)-type of supply rate
is commonly used

s(u(r),y(1)) = y' ()Oy(1) + 29" (1)Su(r) + u" (1)Ru(r) ()

Quadratic differential forms were first introduced in Willems
and Trentelman®’ in the context of continuous time behavioral
systems. This framework was then extended to the discrete
time case in Kojima and Takaba.*'** A quadratic difference
form (QDF) may be written in terms of extended inputs and
outputs. Defining

W)= (u"(r) u(t+1)
V(0= ("0 Y+

(for some finite 7 and »7), a QDF supply rate, denoted Q, is
defined as follows

ul (t+ 1))

rm)

Qy(y,u) = 5" (1)09(r) + 25" ()Si(r) + " ()Ra()  (4)

_ (50 ( 0 s”) (y(z))

Q¢(y:u) - (ﬁ(f)) S:T ﬁ ﬁ([) (5)
Essentially, a QDF is a quadratic form similar to (2), although
it is extended to include future inputs and outputs. This allows
for a more detailed description of the system in terms of
dissipativity, and fits in well with the MPC framework, which
is heavily based around prediction. This additional system
information allows for less conservative stability and perfor-
mance results as compared to other dissipativity based
approaches. Defining w(t) = 7, @™, a QDEF in (5) can
be written in a compact form as

N

N
Qu(y,u) =D > Wl (t+k)yw(t+1) ©)

k=0 1=0

~

where N is called the degree of supply rate, which is the
maximum number of forward steps in the supply rate. In the
supply rate given in (3)—(5), N = max{#, ni}. Such a QDF is
said to be induced by the symmetric two variable polynomial
matrix ¢((, n) defined as

N N

L) =D L @)

k=0 =0

Here ¢, is the matrix associated with the w (¢ + k)puw(r + 1)
term in (6). The indeterminates { and u represent a forward
step in time on the left and right of ¢(, 1) respectively, that is,
the forward steps in time of w’(f) and w(r) respectively. The

March 2013 Vol. 59, No. 3 AIChE Journal



coefficient matrix of ¢((, 1), denoted q?), is a (constant) matrix
with (k,))th block being ¢y,. That is

~ ¢00 e ¢0]
b= ®)
d)kO s d)kl

Note that by permuting (;5 we can obtain the matrix in Eq. 5.
In this work, QDFs are used for both supply rates and
storage functions. In this case (as in the behavioral systems
theory®?), a storage function is defined on the extended input
and output (which is different to the conventional definition
where the storage function is function of the state variables).
The dissipativity condition with a supply rate Q4 and a stor-
age function Qy, in the QDF can be represented as follows

i Qyp(w(1)) = Qu(w(1)) ©)

t=0

A useful property of QDFs is that the rate of change of a QDF
is itself a QDF, i.e., VO, = Ov,. That is, the rate of change of
the QDF induced by ¢((, 1) is itself a QDF induced by Vo ((,
n). This simplifies the calculation of the rate of change of a
QDF as Vo(C, n) = ({n — 1) ¢(, n). Equation 1 may then be
written as

Qvy (w(1)) < Qy(w(1)) (10)

If Qu(w(1)) > 0 Vw(t) # 0 then ¢((, 1) is said to be positive

definite, with ¢((, n) > 0. Note that ¢ > 0 = ¢, n) > 0.
Some results underlying dissipativity and its links to stability
in this framework are briefly discussed below.

Theorem 1 (Kojima and Takaba®'). A discrete time lin-
ear time-invariant (LTI) system is asymptotically stable if
there exists a symmetric two variable polynomial matrix y((,
n) > 0 and Vi < O for all input and output satisfying the
system equations.

Note that the asymptotic stability defined above is for the
outputs not states of a system. To ensure asymptotic stability
of the states the additional (mild) assumption of zero state
detectability is required.

In this article, state space models will be used in the
prediction of future process outputs due to their efficiency
in MPC implementation as compared to input—output mod-
els. The following result gives a linear matrix inequality
(LMI) condition for determining the QDF dissipativity of a
system with a state space representation. It is different to
the existing result in Belur and Trentelman,>® which is
based on a different (kernel) system representation and for
continuous time systems. One of the advantages of Propo-
sition 1 is that it has fewer decision variables compared to
the method in.>

Proposition 1. A discrete time LTI system with state space
representation (A, B, C, D) is dissipative with the
supply rate and (positive semidefinite) storage function
pair induced by ¢((, n) and y((, n) respectively, with the
corresponding coefficient matrices ¢ and 1y partitioned

as ¢ = ((ff :;i) andz/;:(l//l//;‘ g;),ifandonlyif

the following LMIs are satisfied
Ty T

>0 11

<T1Tz Tzz) - (v
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¥ >0, (12)
with
C
. CA
C= . (13)
cAVN
D 0 0 0
. CB D 0 0
D= (14)
CAN-'B CAN2B ... CB D
Ty =C' [y — ixIC
T, =C" 0— WD + ' [ds — ¥y

[
[

Ty =D [¢~’Q—VX]D+D [bs — Vy]
+ s — W'D + [ — 7]

where N is the degree of the supply rate and v({, 1) = V y({, n).
Proof. y > 0 implies that ¥({, #) > 0, and thus that the
storage function Qy(u,y) > 0. By taking forward steps in time

¥(7) C
y(e+1) CA
= x(1)
y(t+N) CAN
D 0
CB D u(t+1)
- (15)
CAN-'B CAV—?B
Using the notation defined in (3) and with N = 77 = i, we have
(1) = Cx() + Di(r) (16)
The dissipation inequality
Qp(u(1),y(1)) > Ovy (u(?), (1)) a7

can then be pushed to the extended input-output space and
rearranged to obtain

X ’ Ty T X
(&) (e 1) ()=
u —H—IZ -ﬂ—zz u
from which the result in (11) is obvious.

In this work, the dissipativity of the process units is repre-
sented based on the above definition, which describes the
relation between the input and output spaces of a system.
Given its model, the dissipativity of a process unit can be
determined by solving the LMI in Proposition 1, with deci-
sion variables ¢y, ¢g, dg, Vx, Vy, and Vz.

The proposed dissipativity based design is essentially on
the basis of the plant-wide supply rates, rather than the stor-
age functions. This allows the plant-wide stability and per-
formance conditions to be directly related to the interactions
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Figure 1. Partitioning of process manifest variables.

between process units, which are captured by the supply rates
as functions of the interconnecting inputs and outputs. This
approach also provides a unified framework that achieves
both plant-wide stability and performance by optimizing the
supply rates of process units and controllers. This is in con-
trast to many existing approaches discussed in section where
the Lyapunov/storage functions are the focus of analysis.*%’ll
The supply rate induced by ¢((, ) is equivalent to

s(u(t), ¥(1) = 5 (1) Po3(0) + 237 (0)sit(1) + " (1) pi(r)
(18)

In a conceptually different way, the dissipativity of the MPC
controllers is defined as a constraint on its input—output
trajectory as defined below. |
DEFINITION 1 DissipATIVE TRAJECTORY). A MPC is said to
trace a dissipative trajectory if, at all time instances k, the
following dissipative trajectory inequality is satisfied

k
Wi =0 (u(t),y(r) >0 (19)
=0
where Qg_is the supply rate induced by
C ’ SC bl
ocn=(FEn Ken) @

The dissipative trajectory inequality ensures that the accumu-
lated supply of the controller is nonnegative. This is in contrast
to the usual discrete time dissipativity condition given in (9).
The concept of a dissipative trajectory may be viewed as a
slightly weaker version of the classic dissipativity as it does
not explicitly require the dissipative trajectory inequality to be
satisfied for all possible input u(f). The MPC does not have a
storage function, only a supply rate and an accumulation of
supply. As such, if the controller has been “sufficiently
dissipative” in the past, i.e., more dissipation has occurred
earlier in the trajectory than the minimum amount, then this
accumulation of supply may be used as a storage to
compensate for deficiencies in dissipation in the future.

Plant-Wide Dissipativity Formulation
0.1 process and controller networks

The plant-wide chemical process is decomposed into a net-
work of process units (subsystems) interacting through physi-
cal (mass and energy) flows. The dissipativity of the plant-
wide system is determined based on the dissipativity of each
subsystem and their interconnections. In this article, only uni-
directional flows with time invariant network topology are
considered, which are typical in plant-wide chemical proc-
esses where flows between units are usually forced by pumps
or compressors. Similarly, the distributed control system is
represented as a network of controllers communicating
through an information network. In this work, the topologies
of the process and controller networks are allowed to be arbi-
trary, represented by constant interconnecting matrices.
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Consider a plant-wide chemical process with n process
units. Partitioning the input to each process unit into the
input from interconnected processes u,, external disturbances
d and manipulated input u., the i-th process unit P; can be
represented as follows

Xl'(k)

. X,'(k + 1) o A,‘ Bl, le B3, M(;i(k)
P < yi(k) )7(0‘ Dy, Dy, Ds,) p, (k)
d;(k)

1)

as shown in Figure 1. Thus, if a QDF supply rate of the i-th
process is Qg (U, d, U, y), it is induced by a symmetric two
variable polynomial matrix which may be conformally
partitioned as

Qi(Cm)  SilCim)
with
Qi(&,m) = 0(Cm)
Si(Cm) = (Si(&m) SalCm) Se(Cm))
Ry(C,n) Ru(&m) Ri(ln)
Ri(ln) = | Ri(&n) Raa(Com)  Ra(Com)
RITL(Cv 77) RZL(Cv ’7) RLL(Cv ’7)

As shown in the upper part of Figure 2, process units are
stacked diagonally to form the overall plant without
interconnections, denoted as P. The inputs and outputs of this
system are the vectors consisting of the inputs and outputs of
each system. For example, the output of this block diagonal
system is y = (le yg)T. The inputs u,, d, and u, are defined
in the same way. The supply rate of this system is described as
a QDF induced by the matrix

HP
~ FP
P

b ———>» p ;

d —» S . >y

Ue Pn
g i

Yo C4 uL
yr Cn Ur

Hc

Figure 2. Network view of large-scale systems with
distributed controller.
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Figure 3. Partitioning of controller variables.

D¢, n) = (SQT 7‘?) (23)

with @ = diag(Qy,...,9;,...,Q,) and S and R similarly defined.
Knowing each ¢,(C, ) (0L, m), i = 1, ..., n, O, 1) (O, 1)
can be be easily calculated. The relation between the storage
function of the i-th process, induced by y({, ), and storage
function of P, induced by W({, 1), is completely analogous. The
ability to easily formulate overall system dynamic features by
considering only the features of the individual subsystems and
interconnection relations is one feature of dissipativity based
analysis which highlights its suitability in this context.

The distributed controller network is represented in a simi-
lar way. As shown in Figure 3, each controller has two pairs
of input and output: one set of local input (local sensor out-
put) u. and output (manipulated variable) y;; one set of
remote input (information received from other controllers) u,
and output (information sent to other controllers) y,. Assume
that the supply rate of the i-th controller is induced by 0(,n)

i Sy
= Q}' “ ). Then Q. may be partitioned as
SL'i RCi

LT T
ci ci

LL Lr
( ci Q(TI) with S, and R being analogously

partitioned. The supply rate of the system composing of the
diagonal stacking of all controllers, C, is then induced by

ocnm— (% >
’ ST R,

The overall process and controller networks are depicted in
Figure 2. Matrices F,, and F; represent “filters” which select the
interconnecting and measured outputs respectively, thus are
considered in this work constant with elements either O or 1. F;
can be considered as dynamical systems representing sensor dy-
namics. Matrix H,, represents the process network topology. It
is constant with static interconnections. The interconnection
relations may be described as u, = H,F,y. Similarly, H,. defines
the controller network topology, which may have any structure,
representing an arbitrary controller network topology.

REMARK 1. A common choice is the controller network to
have the same topology as the process network (i.e., H. =
Hy), which ensures plant-wide stabilizaln'lity.24 Another case
is fully decentralized control, where the MPCs do not comm-
municate with each other, which is represented by H. = 0.

For example, consider the case study presented in Figure 4.
The outputs of the reactors are the mass fractions of A and B (x4,
and xg) and the outlet temperature (7;), while the outputs of the
separator are the mass fractions of A and B in the tops (x4, and
Xg,), bottoms (x4, and xp,) and temperature of the top stream Tr.
As all of these outputs except the bottoms mass fractions are
part of the process network F), takes the following form

Fp = (Ioxo 09x2) (24)

so that the bottom two elements of y, x4, and xp, are
“filtered out.” The topology of the process network can be
represented as

analogously as for the process units.
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0353 O3x3  I3x3
H, = Lxs 03x3 03x3 (25)

03x3 I3xz 0343

showing that the input to the first process is the output of the
third, the input of the second is the output of the first, and so on.
Assuming that the controller network topology mimics the
process network topology, H,. has the same form as ,. This is a
common, and intuitive, assumption that is used in literature both
in the context of MPC and more general controller forms.”’

Plant-wide dissipativity

Using the formulation in Figure 2, it is possible to deter-
mine the supply rate of the overall system with external
input d and output ypw = o" y{)T, which is described in
Lemma 1. Note that as the distributed controller traces a dis-
sipative trajectory, so does the plant-wide system. However,
the plant-wide system traces a dissipative trajectory for all
external disturbances.

Lemma 1. For the interconnected system as shown in Fig-
ure 2 with n processes and controllers, where P is dissipative
with respect to supply rate Qg and storage function Qg > 0,
C traces a dissipative trajectory with respect to the supply
rate Qg and the process and controller networks have topol-
ogy given by H,, and H, respectively. For all external distur-
bances and all k > 0 the plant-wide system satisfies

k
> 0u(w(i) > Qw(w(i) >0 (26)

=0
That is, it traces a dissipative trajectory with supply rate
0,(w) with

Yiu(Gn)  Yln) Yin)
wln) = | YL@n) Yalln) Yus(ln) 27
Y71-3(§7 ’1)) Y;’i(gan) Y33(C7’7)
where,

Xt X Xz Xy
XL X Xos Xu

Yu(ln) = (28)
XL X3 Xa Xag

X1T4 X;t X§4 Xas

Reactor 2

Reactor 1
Figure 4. Reactor separator process.

Separator
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S, + F;H;Rld

R ¢
Yio(ln) = e (29)
0
0
FTst' ¢
S AT e A
. QlC+D,Q"C
Yim=| " , ' (30)
D,QC
s7¢
Y (l, 1) = Raa 31D
Y3 =0 (32)
Yy =C Q¢ (33)

where
X = Q+ SiH,F, + FYH] S| + FYH RyHyF, + F{ RE“F
7 AT
Xip = Sy + HFi Ry + F] (™ + D ST)
. NT
X3 = Ff (D}HISY)
Xyq = FTRY
~ ~T ~T ~
Xo = Ry + Q8 + QYD + D) QflT +D,9"D,
~ ~T ~
Xo3 = Q{TIDQH,, + Dl Qi{Dsz
Xos = D, S + S
~T ~
X33 = D,H Q"H D,
AT
X3 = D,H) S!
Xag =R
(34)

Proof. See Appendix A. |

As the controller is not dissipative in the usual sense, the
result above it valid for the output trajectory of the closed
loop plant-wide system. However, as the disturbance enters
the system through as an input to the individual processes,

which are dissipative in the usual sense, it is valid for all
disturbances.

Distributed Dissipative MPC

In this section, the distributed dissipative MPC algorithm
is presented, along with results ensuring global stability,
minimum performance bounds and recursive feasibility. The
design of the MPC is a two step process. First, in an offline
step, the required dissipative trajectory properties of the con-
trollers are determined subject to the dissipativity of the indi-
vidual processes, process network topology, and controller
network topology such that the plant-wide system is stable
and meets the minimum performance requirement. subse-

Qi1 + D} + DY Ri{ DY

792 DOI 10.1002/aic
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quently, a dissipative trajectory constraint is added to the
online MPC algorithm of each controller to ensure the con-
troller traces the dissipative trajectory determined in the first
step for plant-wide stability and performance.

In this article, the controllers communicate simultaneously
by sharing their closed-loop predictions (i.e., taking their con-
trol action and communication from other controllers into
account) of their local processes output. This communication
can be carried out iteratively within each sampling instant to
improve predictions as the effects of other controllers actions
are taken into account once they become available (from the
previous iteration). At each iteration the constraint ensuring the
controllers trace a dissipative trajectory (presented below) is
satisfied, thus, if the iteration is terminated prematurely after an
arbitrary number of iterations the controller will continue to
trace a dissipative trajectory. This framework also allows the
controllers to only communicate once per sampling instance by
sending their closed-loop predictions from last sampling period.
By doing this, the communication and computational load is
reduced at the cost of possible loss of performance.

Online dissipativity constraint and feasibility

At any point in time, k, the QDF supply rate of the i-th
controller is a function of its current inputs and outputs as
well as its predicted future inputs and outputs. Thus, for a
supply rate of order N for all sampling instances, #, such that
k <t < k + N the value of the the supply rate Q (k) is not
fully determined. Thus, the dissipative trajectory condition at
time 7 may be written as

Wiy + > Q4(1) >0 (35)

i=t—N

This condition is stated as an LMI constraint in Proposition 2.
Proposition 2. Given the supply rate of the i-th controller
(which has been determined offline) induced by

6 = (f;fr ;z) (36)

in the extended input output space, this controller traces a
dissipative trajectory at any point in time k, if the following
linear matrix inequality is satisfied

Vi (k)

—x 1
(ﬁ[(k) Q+Wk,N,l> 20 37

where N is the order of the controller supply rate and y;(k) =
(y{(k) y{(k +1) - y[(k + N)is the vector of predicted future
controller local outputs at time k. y is a function of the
controller supply rate, representing the quadratic term of yy (k)
in the controller dissipation inequality. The form of y varies
with the order of the supply rate. For ease of exposition the
case of a first order supply rate is shown as

Qo+ %D + DY’ Sfy + DY RYFDS 58)
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In this case Qg = (goo gm> with DY and D5 parameters
10 Qu

of the local process model, Py,

x(k)
. X(k + 1) o A B] Bz Bg I/t(-(k)
P : ( y(k) )‘(c D, D, 03) LZ’((;S) 39)

Q is a quadratic form defined in Eq. 100.

Proof. See Appendix A. |

Proposition 2 allows the formulation of the dissipative tra-
jectory constraint in a convex manner. Given that in general
¢, n) is indefinite the recursive feasibility of the dissipa-
tive trajectory constraint may not be ensured, especially
when constraints are put on the controller. The following
result gives a sufficient condition for recursive feasibility in
the presence of input constraints.

Proposition 3. A sufficient condition for the dissipative
trajectory condition given in Proposition 2 to be feasible at
any time k > 0 in the unconstrained case or with hard input
constraints is that the trajectory condition is originally feasi-
ble (Wy > 0), the constraint set u.(k) € U contains the origin
and Q > 0.

Proof. See Appendix A. |

The above condition ensures recursive feasibility given
feasibility of the control algorithm at # = 0 (note that this is
trivially true if the system is at rest at + = 0). This does not
impose any explicit constraints on the order of the controller
supply rate. Initial feasibility may be easier to satisfy if the
order of the controller supply rate is low (less stringent con-
straints on the trajectory of the controller). However, the
higher the order of the controller and process supply rates
the more information may be captured in the supply rates,
allowing the controller to more effectively shape the dissipa-
tivity properties of the plant-wide system (and therefore
plant-wide stability and performance properties).

This allows for commonly used box constraints (i.e., u., <
u. < u.) and ellipsoid constraints (i.e., uZI»F,«uL.’, < 1). This
result is reminiscent of those provided in Raff et al.'> and
Heath et al.”® In Raff et al.'® it is required that the control
input, y. = u, is always feasible to ensure a passive control
is feasible, indeed this may be seen as a special case of our
formulation. Similarly, in Heath et al,2® stability is ensured
by showing that the MPC algorithm satisfies a sector condi-
tion. This, however, requires that the origin remains feasible.

Plant-wide stability and performance conditions

Using the plant-wide dissipative trajectory formulation
developed in section the main plant-wide stability condition
can now be presented assuming that each controller satisfies
the conditions in Proposition 2, and thus traces a dissipative
trajectory. It should be noted that as the dissipativity of the
controller is defined differently to the usual definition, the
technicalities of this result are different to those in the litera-
ture (c.f. Tippett and Bao'®).

Theorem 2. Consider the plant-wide system shown in Fig-
ure 2 with n individual processes and controllers and pro-
cess and controller network topology given by H, and H.,
respectively. Assume that each controller traces a dissipative
trajectory as in Definition 1 and that the individual proc-
esses are dissipative such that the plant-wide systems dissi-
pativity properties are given by Lemma 1. The plant-wide
system from external disturbances (d) to combined process
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and controller outputs (ypr = "y is asymprotically
stable if ~

(1) The overall process without interconnection, P, has
nonnegative storage. i.e., Y({, n) > 0

2) Yu(ln) Yis(ln)
(Y{3<c,n) T33(C7’7)><0

where Y, n), YB3, n), and Y33((, n) are defined in
Lemma 1.

Proof. See Appendix A. |

Remark 2. The distributed MPC will stabilize the plant-
wide system if the conditions in Theorem 2 are satisfied,
even If iterative communication is stopped after an arbitrary
number of iterations. As was mentioned at the beginning of
this section, the controller is guaranteed to trace a dissipa-
tive trajectory if communication is halted after an arbitrary
number of iterations as the dissipative trajectory constraint
is satisfied every iteration.

In Chen and Scherer®’ dissipativity is used to ensure mini-
mum performance guarantees for model predictive control of
single systems using supply rates of the form (—I,0, y*I). In
the following an analogous result ensuring minimum
weighted norm bounds using dissipative trajectories and
more general QDF supply rates is presented. This not only
provides more detailed performance measures, but also pro-
vides a less conservative result as more general forms of dis-
sipativity may be considered. The following lemma presents
the plant-wide supply rate in a slightly different form to
Lemma 1. The difference is that in Lemma 1 the nature of
the controller communication (i.e. of the predicted process
outputs) is explicitly put into the controller supply rate. In
Lemma 2, the nature of controller communication is not
specified. Thus, it is a slightly more general form of supply
rate, and if the plant-wide system traces a dissipative trajec-
tory with supply rate given in Lemma 1, then it will also
trace a dissipative trajectory with supply rate given below.

Lemma 2 Consider the interconnected system as shown in
Figure 2 with n processes and controllers and process and
controller network topology given by H, and H., respectively.
If the overall process is dissipative with respect to supply rate
Qo and storage function Qw and the controller traces a dissi-
pative trajectory with supply rate Qe. Then, for any disturb-
ance, the plant-wide system from all disturbances d to all pro-
cess output and controller output ypy = 7, v, v satisfies

k
> 0ulk) > Qw(k) (40)

for all k > 0. That is to say it traces a dissipative trajectory
with supply rate Q,, where

(¢, (¢,

() = ( uttn) Tl ”)) @)

F12(C7’/I) r22(C7’1)

Wi Wiy Wys
Cu(Gn) = | W, Wy Wy (42)

Wi, Wi, Wi

Sy + F;H;Rld
Fia(ln) = RL (43)
0
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Tl n) = Raa (44)
and

Wi = Q+ SH,F, + FLH! S| + FYH Ry H,F, + F| RF)

pp
(45)
Wiy =S, + FTH Ry, + FI S (46)
W5 = (8" + H'RI)F, 47
Wy = Ry + QF 48)
Wy = QF + S"H, (49)

3=0Q" +S'H. +H'S" +H'R'H.  (50)
Proof. To aid readability only a sketch of the proof is given.
The result is easily shown by adding the two dissipation
inequalities, Qg > O\, and Qg > 0. Then substituting in the
interconnection relations to eliminate all variables except the
external inputs and process and controller outputs.

The following result provides minimum performance
bounds on the plant-wide system with distributed MPC.
Loosely, it implies that for any external disturbance the
weighted trajectory of yp, is bounded by the disturbance.
That is to say that the trajectory of the plant-wide system is
constrained to be bounded by the disturbance.

Theorem 3. Consider a plant-wide process P with a sup-
ply rate of ¥ > 0 with dissipative distributed MPCs (as
described in this section). If the plant-wide system from
external disturbances, d, to combined process and controller
outputs, Ypw = (yT y{)T, traces a dissipative trajectory with

respect to supply rate Q,, and p = (?}1 ?2) with T'j;
12 22

< 0, then the minimum plant-wide performance level
Wypwll < [[d] D

is guaranteed. Choosing

with a(W(jw)) > LV € [0, 27] and a scalar p(y) such that its
coefficient column vector, p, satisfies p'p > max (6(I'», + F12
[ Tho), oI, Ty Tha)), we have

[[ypwll < 7[ld]] (52)

where G and o denote the maximum and minimum singular
values respectively.

Proof. See Appendix A.

Note that the above theorem guarantees the plant-wide
stability and minimum (worst-case) performance bound if
the controllers communicate at least once per sampling
period. If the controllers are allowed to communicate
iteratively within each sampling period, then the actual
performance may be improved (as the controllers predic-
tions of future process outputs are refined). However,
such possible improvement of performance is not
reflected by the worst case performance bound addressed
in Theorem 3.
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Distributed control design

Using the results above, both the offline problem to
determining the system dissipativity and the online problem
to carry out local optimization subject to global stability
and minimum performance (in the form of required dissipa-
tive trajectory constraints) can be stated. These problems
are formulated in the forms of LMIs which can be effi-
ciently solved. The following LMI problem, evaluated off-
line, yields a supply rate for the distributed controllers.
Which, if implemented as in Problem 2, will ensure recur-
sive feasibility of the MPC algorithm(s) and plant-wide in-
ternal stability.

ProBLEM 1. Consider a plant-wide system with n individ-
ual processes and controllers with process and controller
network topologies defined by H, and H. as in Section.
Given ; > 0 Vi e [1,n], the cost functions of the i-th con-
troller. Find a set of supply rates parameterized by Q;, S;,
Ri, Oc, S, and R, such that \; is the storage function of the
i-th process and the following LMI constraints are satisfied

—l]—ll' —H—IZ' .
! 1 >0 53
(Tszi Tzz" ) B v 63

(Dissipativity of process i)

Q>0 Vi (54
<0 Vi (55)

(Feasibility of controller i supply rate)

(3=
(Internal stability of plant-wide process)
Iy <-N'N (57)
=0 (58)
[y >dd (59)

(Minimum performance guarantee)

Along with y; > 0 Vi, Condition (53) ensures the dissipa-
tivity of the processes as per Proposition (1). Conditions (54)
and (55) ensure the recursive feasibility of the online MPC
algorithm, while Condition (56) ensures the stability of the
plant-wide system as per Theorem (2). Finally conditions
(57) to (59) ensure a minimum plant-wide performance level
as per Theorem 3 with W(s) = ﬁN(s) with a scalar d(s).

The solution of Problem 1 yie‘ s a set of controller supply
rates that ensure the recursive feasibility, plant-wide stability
and minimum performance bounds. Once this is solved the
online MPC algorithm (for each distributed controller) can
then be implemented. This is stated below, note that it is
assumed that iteration is arbitrarily halted after /., iterations.

ProBLEM 2. The algorithm for the i-th controller with
hard input constraints and soft output constraints has local
output, y;(k), which is the minimizer of the i-th controllers
storage function, ¢;. At any time step k it is as follows:

1. If k = 0 set u (k) = O (the input from remote control-
lers). If k > 0 and this is the first iteration (of this time step)
set 1, (k) as the last one received last time step shifted for-
ward one time step, (k) = ou,(k — 1). Otherwise set u,(k)
that which is received from the other controllers.
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2. Optimize local input by the following LMI problem
yi(k) = argmin o (60)

subject to

( {DAlT‘pn[jl +13T¢12 + W{zljl + sz] B (k) ) >0

lllustrative Example

A comparison of distributed and decentralized control
using the proposed framework is illustrated by a simple re-
actor separator process which contains two CSTRs in series
followed by a flash separator with recycle of the top prod-
uct of the separator (as shown in Figure 4). Similar proc-
esses have been studied previously in Liu et al.'® and
Christofides et al.'? The first order reactions A — B — C
occur in the reactors with B the desired product, it is
assumed no reaction occurs in the separator. The manipu-
lated variables are the flow rates in the reactor jackets and
heat input into the separator. The disturbances are in the

AT
31 (k) ot At wye concentration of feed F; and temperature of feed F,. The
(61)  measured outputs of the reactors are the outlet temperature,
R it is assumed that the concentrations as well as temperature
(TT’( VL (k) ) >0 (62) of the tops product of the separator are measured. Under
(k) QWi assumptions of perfect mixing and constant physical
p p p
. properties the system equations from the mass and energy
x>0 (63) .
balances are given below
y, (k) eU (64) Reactor 1
. R . . Fy Fs i
p! Cx(k) + D1y +Dadiy | =y (= xan) + V. (xar — Xa1) — kieMixar  (69)
~ A A~ on\T = 1
Cx(k) + (DlyL + DZMI‘) l+e F F E E
1 =2
65) g = 71 (X, — xB1) + Vi (xBr — xg1) + ki1eFixy — kpeFixp,
1 1
€>0 (66) (70)
where U is any convex set containing the origin such that T, —Q(TFI T)) +—S(T3 T - 1kle"_§11xA1
the constraint y;(k) € U may be written as a LMI, the (ellip- Vi P 1)
soid) output constraints are ¥ (k)Py(k) < 1 + ¢ with P > 0, L £ UA((T;; —Ty)
— —— ke xp; + :
€ >0 and ) 2 1 pC,Vi
T R AT o R _
A == (K)C Y, Cx(k) — 2 (K)C (Y1, Dy + Y1), =g, —py YA =T oy
7 AT N . Vi p;CorVin
—2x (k)C ('//11D2 + ‘//14)ur
(AT A AT AT R Reactor 2
- 2y] (Dl Y11 D2 + Yoy + Y150, + D '//14) Uy
(AT - AT A . . F F B
— i) (Dz VD2 + Dy + i,D2 + l//44) iy (67) Xa = V—Z (Xa1 — xa2) + V_z (Xap, — Xa2) — kieF2xa - (73)
. . F3 F> i} iz}
3. Calculate, and send to remote controller(s) predicted — xp, = v, (xp1 — Xp2) + V_(xBrz — xp2) + k1efaxgy — kpefxp)
local process output 2 2
74)
)7[ = C'xi(k) + Ijl,ﬁL, + Ijzl ﬁp, (68) . Fy F, AH, 5
T, A (T —To) + V_Z(TFZ -T2) - < he™xn
4. If number of iterations is greater or equal to I,y cease ! (75)
Lo . . . AH, B UAz(T/z — Tz)
iteration and apply optimal output in Step 2. Otherwise — —Zkpefhaxgy + ——— =
return to step 1. Cp PCpVa
Proof. See Appendix A. | B
REMARK 3. The communication between controllers in T, = E(Tnm —Tp) +M (76)
Step 3 of Problem 2 is not to all controllers. Instead it is Vi PsCpiVi
only to those controllers with the i-th controller communi- separator
cates to as described by the controller network topology and
captured by H.. F Fs+F
REMARK 4. Problem 2 is guaranteed to be recursively fea- Xa3 = 74 (Xa2 — Xa3) — — v L (Xar — Xa3) (77
sible with hard input and soft output constraints if the condi- 3 3
tion in Proposition 3 is satisfied. This represents an impor- F Fs +F), ¥ X g
tant class of industrial problems. Additional constraints such 3 = 1 (g2 — xg3) — Vs (Xpr — Xp3) (78)
as input increment constraints can also be added to the
problem in an ‘01_7v10.us way. Note, however,_ that to ensure Ts = 'y (T, — T3) + 03 79)
recursive feasibility it may be necessary to implement these Vs pCpV3
as soft constraints.
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Table 1. Process Parameters

Parameters ~ Values Units Description

Fy 5.04 m® hr! External feed flow rate
XA, 1 - Mass fraction of A in F;
XB,, 0 - Mass fraction of B in F
F, 5.04 m’> hr™!  Fresh feed flow rate
XA, 1 - Mass fraction of A in F,
XB,, 0 - Mass fraction of B in F,
Vi 1 m Volume of reactor 1

Vs 0.5 m Volume of reactor 2

Vs 1 m Volume of separator
UA, 2509.8 WK Heat transfer coefficient
UA, 2774 WK! Heat transfer coefficient
p 1000 kgm >  Density in units

123 1000 kg m~? Density in jacket

Cp 4.2 kJ kg~ K~' Heat capacity

Cpy 4.2 kI kg ' K~' Heat capacity in jacket
ky 9.97 x 10° hr! Rate constant of A — B
k> 9 x 10° hr! Rate constant of B — C
E, 5 % 10* J mol ! Activation energy of A — B
E, 6 x 10* Jmol™'  Activation energy of B — C
R 8.314 Jmol ' K™' Gas constant

A H, -6 x 10* J mol ™! Heat of reaction

A H, -7 x 10* T mol™! Heat of reaction

N 35 - Relative volatility of A
0B 1 - Relative volatility of B
¢ 0.5 - Relative volatility of C

where it has been assumed that all units have constant hold up
and all species have constant relative volatility. The following
relations define the separator overhead concentrations

%AXA3
Xar = (80)
%AXA3 + 0pXp3 + dcXe3
0BXB3
Xp = G
%aXa3 + dpXp3 + dcXc3
dcXes
Xer = (82)

oAXa3 + 0pXp3 + AcXc3

The process parameters are shown in Table 1.

The equations are linearized around the operating point in
Table 2. A dissipative distributed model predictive controller
is designed using the proposed approach. As per the network
decomposition in section, we decompose the plant-wide sys-
tem along the physical layout of the system. That is, we treat
the two reactors and the separator as individual subsystems
and design one controller for each. The plant-wide control
objective is to minimize the plant-wide extended £, gain as
in Theorem 3 with respect to disturbances in the concentra-
tion of the feed to the first reactor, F, and the temperature
of the feed to the second reactor, F,. This is subject to input
constraints IF7,1 < 0.5, IF},l < 0.5 and 1051 < 0.65 where
the “*’ denotes normalized deviation from steady state.

Table 2. Process Operating Point

Operating

States Point Units Description

XAl 0.383 - Mass fraction of A in reactor 1
XB1 0.581 - Mass fraction of B in reactor 1
T, 447.8 K Temperature in reactor 1

Tn 498 K Temperature in reactor 1 jacket
XA 0.391 - Mass fraction of A in reactor 2
XB2 0.572 - Mass fraction of B in reactor 2
T, 444.6 K Temperature in reactor 2

Ty 503 K Temperature in reactor 2 jacket
Xa3 0.172 - Mass fraction of A in separator
XB3 0.748 - Mass fraction of B in separator
Ts 449.6 K Temperature in separator
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As discussed in the previous sections, a set of supply rates
and storage function pairs for each subsystem and supply
rate for each controller is determined to achieve this plant-
wide aim. The storage functions of each subsystem are then
used as the cost functions (ignoring the terms associated
with the unmeasured disturbance) for their local controllers.

The matrices which induce the ith process storage function
and ith controller cost function, y«{, n), are given below

W (Cm) =
(mh+1Wﬂ+1mm+4mgn Obx 14 )
O14x6 514+ 51148+ 5114n 4 5114En
(83)
Yo (L) =
(10[2+1012C+10[211+1012C11 Opx14
O14x6 Sla+ 5014l +50an+51148n
(84)
s (Gn) =
(12 +L{+ L+ Ly Opxs )
Osx6 0.17s + 0.175{ + 0.17gy + 0.17sCy
(85)

Pulse disturbances are introduced to the system in the
form of a 5% increase in the mass fraction of A in the feed
Fy from 0.1 to 0.6 hr (and a pulse disturbance in the mass
fraction of B) and a pulse disturbance in the temperature of
flow F, of 10 K from time 2 to 4 hr. The sampling period
for the simulation was 2 min, communication between con-
trollers was halted after 1 iteration with a prediction horizon
of three steps, the process and controller outputs for these
simulations are shown in Figures 5 through 10. Note that the
simulations are carried out using the linearized models of
the processes.

The above results were compared with the decentralized
case as shown in Figures 11 through 16. A dissipative
decentralized MPC was designed with the controller network
topology defined by H. = 0 as per Remark 1. It can be seen
that the distributed controller performs better than the decen-
tralized controller with faster response and smaller overall
error. The sum of the cost functions for the three controllers
in the distributed case is 3.15 X 102, this is compared to
4.73 x 10 for the decentralised case illustrating a significant
improvement in the distributed case. It is expected that
increasing the number of iterations of controller communica-
tion would further improve performance in the distributed
case. However, at the cost of increasing computational and
communication load.

Discussion and Conclusions

Dissipative systems theory has been used to facilitate a
novel plant-wide distributed MPC strategy. A dissipativity
based approach is attractive as it allows for chemical process
networks to be decomposed into individual subsystems, dis-
sipativity properties of the subsystems determined and then
the dissipativity properties of the plant-wide system calcu-
lated as a linear combination of that of the subsystems after
substituting in the interconnection topology. Complicated
interconnection structures, which are common in process
control due to material recycle and heat integration, may
then be easily handled. As the interconnection topology,
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decentralized control may both be considered. The form of
the plant-wide supply rates varies with the controller net-
work topology and therefore changing the plant-wide per-
formance that can be obtained.

This provides a scalable framework for the control of
large-scale systems where interaction effects are explicitly
taken into account in the the stability and performance crite-
ria. Communication in the distributed control scheme pre-
sented improves the controllers predictions by taking into
account interaction effects and, importantly, allows for a
trading of stability an performance among subsystems
through their dissipativity properties. It is important to note
that the dissipative trajectory condition placed on the MPC,
being a property of the trajectory the controller follows, is
conceptually different to the usual definition of dissipativity.
As such, the stability and performance results are different
to those available in the literature (for example, in the spe-
cial case of (Q, S, R) dissipativity), even if they are cosmeti-
cally similar. This different version of dissipativity, along
with associated plant-wide stability and performance results,
are among the key contributions of this article.

Dynamic supply rates have been used as they provide less
conservative results than constant supply rates, which has
been a disadvantage of dissipativity based approaches in the
past. The additional information captured, and reduction in
conservativeness facilitates an approach to plant-wide dissi-
pativity based on the interconnection of process and control-
lers networks and a supply rate centric control design meth-
odology. More detailed performance criteria in the form of
weighted norm bounds conditions are also formulated in a
natural way using dynamic supply rates.

This approach has the advantage of allowing the control-
lers to communicate simultaneously not sequentially, thus
not applying undue burden on any one controller. The pro-
posed approach gains an advantage of scalability as the itera-
tive optimization/controller communication is theoretically
not required, compared to some cooperative approaches
where conditions on the convergence of iteration optimiza-

T T

—— Jacket Flowrate |
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Time (hrs)
Figure 15. Controller 2 output.
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tions and the constraints on communication bandwidth may
make frequent iterations impractical for large scale problems.
A scheme whereby the controllers communicate only once
per sampling period by sending their predictions from the
last step (similar to Jia and Krogh®) can be applied. An itera-
tive communication scheme can also be implemented in the
proposed approach with stability of the plant-wide system
being assured even if the communication is halted after an
arbitrary number of iterates. In this article, global perform-
ance objectives are encoded in the dissipativity of the plant-
wide system. This has been done using quadratic differential
forms in Tippett and Bao (submitted) for the continuous
time case. This provides a mechanism for (minimum) global
performance objectives to be enforced. In this framework
communication between controllers not only increases the
accuracy of controller predictions by taking interaction
effects into account, but also allows for stability and per-
formance to be traded amongst subsystems, thus decreasing
the conservativeness of these conditions. An advantage of
this approach is that if interactions between subsystems are
beneficial this will be captured, and made use of, in the dis-
sipativity, not simply canceled. This is akin to the idea of
compensation by excessive input feedforward, and output
feedback, passivity.28

The cost function for each controller is used as storage
function for each associated process, and a stabilizing set of
supply rates is then found offline, in what amounts to a LMI
problem. The dissipativity condition is then added as an
additional, convex, constraint to the online optimization
algorithm. It is expected that computing the process and con-
troller dissipativity online would allow for improved per-
formance, especially for nonlinear systems. However, this
becomes a nonconvex problem.

An extension of this work is the asynchronous, or multi-
rate, control case. To make use of the significant separation
of time scales both between, and within, unit operations that
is often present in chemical processing applications. It would
be expected that significant reductions in computation time
could be realized in this way. Another extension of this
work is to nonlinear systems. A difficulty with this, however,
is that in general it is difficult to determine the dissipativity
of a nonlinear system. However, recent research has demon-
strated a fundamental link between the thermodynamic laws
underpinning process systems and passivity, see for example
Alonso and Ydstie,”’ Hangos et al.’ and Bao et al.>' This
shows promise for extending this research to nonlinear
chemical process control applications.

Finally, the optimization of the controller network topol-
ogy and the identification of the most influential interconnec-
tions is of interest. However, this may be quite problem spe-
cific as the cost associated with communication may vary.
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Appendix A

Proofs of theoretical results

Proof of Lemma 1. Assume the controller traces a dissi-
pative trajectory

k
Y 0e>0 k>0 (A1)
i=0
From the dissipativity of the process
k
E:Q®>>QW Yk >0 (A2)
i=0

is true for any allowable inputs and outputs of the process.
Therefore, for the plant-wide system, we have

k
> 00+00>0s>0 Vk>0 (A3)
i=0
Thus
k
> 00+00>0 Vk>0 (A4)
i=0

The above condition, by Definition 1, implies that the plant-
wide system traces a dissipative trajectory with supply rate
Qo + Q¢. Note that this is satisfied for any allowable dis-
turbance entering the process as the dissipativity of the proc-
esses is defined based on their input/output spaces, not tra-
jectory. The controllers communicate by exchanging their
predictions of the output of their own local process, that is
i, (k) = Cx(k) 4 D13, (k) + DyH,5' (AS)
where ﬁl and ﬁz are defined analogously to (14), after parti-
tioning B = (B; B, B3) and D = (D; D, Ds) (as in (21)) to
separate the effects of the local control and interconnecting
inputs from other units. Substituting this and the intercon-
nection relations between variables in Figure 2 into the
aforementioned overall supply rate and rearranging, the
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overall supply rate can be written as Q,(w) defined in (27) Proof of Proposition 2. Permute the coefficient matrix of
where w = (y y{ y’T y T am xX"(k)T with (¢, n) defined as ¢, n) conformally with the controller inputs and outputs

above. Where y = iy is the predicted process output and y 73 5 (O .
is the predicted process output from the previous iteration ~ 1© PP ¢ P = ST R - In the extended input-output space

(of controller communication). C . . .
the controller traces a dissipative trajectory if at all times k

Ly [0k (s g WY (R R
H0(E D00 (E 6@ H@e

For an Nth order supply rate this condition becomes

Win-1+Qp (k=N)+Qy (k=N +1) +---+0y (k) >0 (A7)

where W, _y_ is a constant, the sum of all previous values of the controller supply rate and the other terms relate to the cur-
rent and recent values of the controller supply rate which are decision variables. Using ux = y;, Q 3 (k) becomes

gt s 0 ) (1) )+ (il ) (T TR ) () 2o

R 4 5087 I3
(A8)
Let Q7 = Q. (Spz + Qur Ser) = (S© S¥) and
( RLL 4 QRR 4 SRL | gRL"  RLR | SRR) ( RLL RLR)
c C C c C C J—
T T N - LR RR
RIK" 4 SRR RER R R
the controller dissipativity condition, Eq. 92, may then be written as
k) " 31.(k)
)’L(Ak N) ok =N)
tig (k) diag0  diagS"  diagS® tig (k)
Wit + : diagSY"  diagR'L  diagRLR : >0 (A9)
. diagSE”  diaeRLR"  diaoRRR L
i (k — n) iag iag iag ik —N)
tig (k) ip (k)
iig(k —N) ig(k = N)

These vectors “overlap” in the sense that (assuming a supply rate of at least order one) y;(k — 1) and yj (k) are both functions
of y(k), with the same relationship holding for #; and ik. Once these future steps are realized, the predicted values are equa-
ted with the actual values. For ease of exposition this is shown below in the original, not extended, variable space (at an arbi-
trary time step, k) for the case of a first order supply rate (although it is analogous for higher orders)

ylk+1)\"70n Q1o 0 Sy Sto 0 S St 0 ye(k+1)
yL(k) * Qoo + 011 Qo SEO1 SS() + SI[] Slf() Sgl Sg() + SI1€1 Slleo yL(k)
ye(k+1) * * Qo 0 S(L)l Sé() 0 Sgl Sgo ye(k+1)
win ||+« R RE 0 e RE 0 || wkr
Wi+ uy, (k) * * * x  RE+ R RE RER RER + RER RIR ur, (k) >0 (A10)
ur(k—1) * * * * * REE 0 RER RER N up(k—1)
ur(k+1) * * * * * x  RER REE 0 ug(k+1)
ug (k) * * * * * x  *  RRR 4 RRR RRE ug (k)
ug(k—1) * * * * * * * * RER ug(k —1)

where vectors at time k + 1 are predicted values of the local control output, local process output and input from remote con-
trollers. Eliminate i; (k + 1) using the model of the (local) process
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i (k+ 1) = Cx(k) + DEyp(k + 1) + Dby (k) + DRiy (k 4 1) + DXty (k)

where the i, denotes the prediction of remote process outputs from the last iteration of communication.

Cx(k) "Z0 Zu Zis Zu Zis Zis Zu Zis Zie Zno  Zin Cx(k)
ye(k+1) * Ly Iy Zoa Zps Zog Iy Zog Zyy Zno  Zon yo(k+1)
ye(k) * k% Iy Zsa Zas Zsg Ly Zss Zzo Zmo Zan yr(k)
yo(k—1) % *  Zas Zas Zas Zar Zag Zao  Zyo  Zan yo(k—1)
ug (k) x k% ok x Zss Zse Zs1 Zss Zso  Zsio  Zsi ug (k)
Wizo + | up(k—1) « % ko« % Zeo Lo Zes Zeo Zewo  Zen u(k—1) [ 20
ug(k +1) x ok ok x k% ok Iy Iz Zp9 Zno  Zin ug(k +1)
ug (k) kook ok ko ko ox o ox o Zgg Zyo Zsio Zgn ug (k)
ug(k —1) x %k x k% ok x % Zoo Zowo Zoi ug(k — 1)
up(k+1) ook ok ko x k o x o Zigio Zion up(k+1)
“;e(k) * * * * * * * * * * Zim ”;e(k)
or
Wiaa+Q2>0
alternatively this may be written as
Cx(k) Zu Zin Zu Zu Zis Zis Zv1 Zis Zww Zuo Zin Cx(k)
yr(k+1) 0 0 Zyy Zns Zoe Zy Zog Zoo Zowo Zon yr(k+1)
y(k) x k0 Zay Zzs Zzg Zzy Zsg Zzo Zzio Zan yi(k)
yo(k—1) * * x  Zay Zas Zas Zar Zag Zso  Zao  Zan yr(k—1)
uy (k) x ok x x Zss Zsg Zs; Zss Zsy  Zsio  Zsn uy (k)
Wico + | up(k—1) x ok ok x x Zeo Ze1 Zes Zeo  Zeto  Zen up(k—1)
ug(k +1) x ok ok k  x % Zy; Iy Zp Zno  Zim ug(k +1)
ug (k) x ok ok ox ok ok x Zgg Zgo Zgio Zsil ug (k)
ug(k —1) * ok ok k% x kx kx  Zo Zoig Zorni ug(k —1)
up(k+1) ook ok ok ko ko x k ok Zow Zion up(k+1)
up (k) * * * * * * * * * *  Zun ulp (k)

(VG 20"

where the differences have been bolded, this may be written as

ik + D\ (Zn Zos\ (F(k+1)
We ot [t ) ( >0
2t +( y Zy 7y (k) )=

(k)

where

Zy = R%Tf

Z3 = SngL + RiDY

Zis =Ry

Zi7 = Rif

Zig =0

Zin = RYDS

Zyz = Q10+ Sf}Dé + DY S5+ DY REDE
Zas = Sty +Di Rig
Zy = Sf, + DY Rif

Zry =0
Zo1y = StD% + DY RE DX
Z34 = Q1o
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Zi = S + RiDE

Ziy =0

Zi6=0

Zys = R

Zio = R{DY )

Zn = Qui + S{yDf + DY R{DY
Z4 =0

Z =0

Zs = Sty + DY Rif

Zy10 = S§,Df + DY RELDY

Z33 = Qoo + 011 + S(L)TlDé + DY REDE
Z3s = Sy + Sty + D5 Rig
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Z3s = S Zsy =SB + DY REF

Zyy = Sgo + 8%+ DéTR%e Zy = Slfo

Zyio = S§uDf + DY RUDY - Zsy1 = S, D + DY RYDf
Zss = Qoo Zys = Sk,

Zys = Sk, Zi =0

Zig = S§, Zy = 8§y

Zs10 =0 Zsn =0

Zss = Ry + Riy Zss = Ri§

Zs7 = Rgf Zsy = R + Rif

Zso = Rif Zsio = REE' DY

_ pLL" DR _ pLL
Zs11 —R10 Dz Ze6 —R()o

Q11 + 8%, Df + DY Rt D

Iy Zn
L=\ or = L L 17 oL” ENIANA
Zys 3 (Ql()+511D2 + Dy Sg + Dy RnDz)

and taking a Schur complement in that block in (100), the
stated condition is achieved. |

Proof of Proposition 3. Assume that the dissipativity of
the MPC is formulated such that —y > 0 is satisfied (note
that this may be determined offline). Then the dissipativity
trajectory condition at time £ = 1 reduces to

(54 at,) 2o

Q+ W
As Wy > 0, to ensure feasibility take the worst case that W,
= 0. The dissipative trajectory condition then requires

(A17)

' 9t L .
. L > 0. As the origin is inside the feasible

region it is always possible to chose y;(1) = 0. The condi-

tion then becomes
~1
( 0 Qo) =0

where Qg is Q with y; (k) = 0. Thus, the stated condition is
sufficient to ensure feasibility Vx(1) € X. Having shown that
the condition is feasible at time k = 1, it is then possible to
show it is feasible for £ = 2 and so on iteratively Vk by the
same argument. |

Proof of Theorem 2. From Lemma 1 the plant-wide sys-
tem (consisting of process and controller networks) satisfies
the dissipativity inequality

(A18)

Qu(t) > Ovw (1) (A19)
. —_ Yll ((7 ;/I) Y13(£7 ;/I) )
For all ¢t > 0 Defining £ = and for
- e (Yﬁ(m) Y33(C,n)
vanishing disturbance this becomes
0=(1) > Ovy (1) (A20)
- . Yiu(Gn) Yuis(Cn)
U th dit that < 0 and
sing the condition tha (Y1T3(C, D Ya(n) an

the fact that Z({, ) < 0 <= 0E(-¢, &) = —D'(=ED(®)
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Zs; =0 Zes = RER

Zeo = RER Zsio =0

Ze11 =0 Z77 = RER

Zys = REE Zso =0

Zy1o = R DX Zm = R DR
Zgg =Ry +R{Y  Zsg = RIf

Zsio = REK' DX Zs1 = RER DR
Zoo = REE Zo1o =0

Zo11 =0 Zioio = D]fTRﬁD’f

_ PR pLLNHR _ pR" pLLHR
Zionn =Dy RyyD;y Zin = Dy RyyD;

Letting

Q10 + Sk, D% + D' sk 4 DY RELDL . )
- <
Qoo + Q11 + S5, D% + DY RELD

with D(A) of full rank V . € C. For vanishing disturbance
this becomes

w(@))’
- (p@") = 0wt a21)

As D(&) has full rank this implies Qvy(f) < 0 Vt, which,
combined with the assumption that ¥ > 0 implies asymp-
totic stability by Theorem 1. |

Proof of Theorem 3. Using the superscript” to denote
extensions of the variables to include future values up to the
order of the supply rates as in Proposition 1, the plant-wide
system traces a dissipative trajectory implying

L
D Ip (T 113, (k) + 255, ()T 12d (k) + d" (k) Td (k)
i=0

> Qw(k+1) — 0w(0) (A22)

is satisfied for any disturbance. Assuming the system has the
condition Qy(k + 1) = Qy(0) = 0, we have

k
D ¥ (OT 113 (k) + 255, (KT 12d (k) + d” (k) Tood(k) > 0

=0
(A23)

Defining fn = —I";;, we have

k
ST 11§, (k) — 250 () Td (k) < d7 (k)Tpd (k)
i=0

(A24)
Completing the square on the left hand side leads to
ko1 Al oapial RN
Z[Fﬁlypw —I'/iT12d] [r2113’pw =1 iT1d]
i=0
k ~ A~ ~
<Y d'Tyn +TLInT ) (A25)

Il
)
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Defining a row vector p of length deg(u({, 1)) such that p ™
> max(I'p, + Flz FM T, F12 FH I'15) and using the
reverse triangle inequality

1T, 5l — 1T T 12| < [lpdl] (A26)
1T 9,0 < T T 12d) + [|pdl] (A27)
1T, 5l < 2llpdl] (A28)
Returning to the original variables
155 (D)3l < 2lp(n)d] (A29)
AL
F;E;(?f)v) Yo < 204 (A30)

where in the last line the fact that p(#) is a scalar is used. It

is clear that if ‘é<'>7> > then

[ypwll < 7ld] (A31)

Proof for the Optimization Step (Step 2) of Problem 2.
Constraint (64) is obvious. Constraints (62) and (63) imply
the controller traces a dissipative trajectory as described in
Proposition 2. The output constraint is transformed into an
LMI by rearranging as 1 + € — y“T(k)PyA(k) > 0 and taking a
Schur complement in P (using P > 0). The cost function is

J(k) = Qy (k) + wye (A32)
N A
. 127 22 23 24
Cenen | (k) ki i Y VY
o 137237 33 34
= o | di+h) Kl kil kil Kl
uy(t + k) 147 247 347 44
ki ki ki Kl
y(t+k)
yo(t+k)
% + A33
die+k) | T (A33)
u(t+k)

For some w, > 0 where the substitutions u. = y; and u,, = u,
have been made. As the disturbance is assumed to be unmeas-
ured (but vanishing) ignore the terms associated with it

Nl e
yu(t+ k) voovE
S\ ween) \pr v
y(t+1)
X | oyt +1) | +wye (A34)
uy(t + k)
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Permuting the coefficient matrix of ({, n) conformally with
¥p(k) and y.(k)

T

}’(k) l//11 ‘glz lém ?(k)
J(k) = )iL(k) ‘//12 Yoo W XL(k) +wy
iy (k) Ve Vogr Vs iy (k)
(A35)
Allowing o be a scalar such that
a—J(k) >0 (A36)
leads to
= 3" ()1 9(k) = 25" (k)13 (k) = 3" Praatty — 257 (k)05 (K)
- }7{(/‘)‘&24121‘(]‘) - ﬁ,?(k)‘ﬁmﬁr(k) +wye >0
(A37)

Substituting in y = éx(k) +D wr + Doii,, we have

-y (DAIT'//MDAI + DATwIZ + D+ WZZ).)A}L
- XT(k)éTlplléx(k) - ZXT(k)éT (lpllDI + l//12))7L
- zxr(k)ér <¢11D2 + Y 14) iy
-2j; (ﬁ{W11ﬁ2 + Yy + l//{zDAg + ﬁf¢14) ly
— i (DA;pllDA2 + ﬁ§¢14 +yiDay + W44)ﬁr +wye>0
(A38)
Assuming (Dh{(p“DAl + D?l,blz + l//szDAl + ¥2,) > 0 and tak-

ing a Schur complement, the stated LMI condition is
obtained.

Appendix B

Dissipativity properties for illustrative example

The supply rate of the first controller (which controls the
first reactor) is provided below as an indicative example of
the form of the supply rates for the other controllers and
processes. The supply rates are found by solving the LMI
Problem 1 offline to find the optimal supply rates of each
process and controller. In the form of (5) it is induced by
the matrix

(@ §)

where
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—0.03854 0 0 0 0 0 0 0 0 0 0 0

0 —0.03854 0 0 0 0 0 0 0 0 0 0
0 0 —0.03854 0 0 0 0 0 0 0 0 0
0 0 0 —0.04121 —0.00055 —0.00004 0.01146 —0.00053 —0.00004 0.00541  —0.00053 —0.00004
0 0 0 —0.00055 —0.02651 0.00026 —0.00007 —0.02701 0.00026 ~ 0.00048 —0.02708  0.00026
~ 0 0 0 —0.00004  0.00026  —0.02116 —0.00003  0.00169  —0.03007  0.00003 0.00256  —0.03007
Q= 0 0 0 0.01146  —0.00007 —0.00003 —0.02399 0 0 0.01244 0 0.00002
0 0 0 —0.00053 —0.02701  0.00169 0 —0.03134 —0.00256  0.00053  —0.00417 —0.00707
0 0 0 —0.00004  0.00026  —0.03007 0 —0.00256 —0.03821  0.00005  —0.00471 —0.02229
0 0 0 0.00541 0.00048 0.00003  0.01244  0.00053  0.00005 —0.01784 0.000526  0.00004
0 0 0 —0.00053 —0.02708  0.00256 0 —0.00417 —0.00471 0.000526 —0.03128 —0.00845
0 0 0 —0.00004 0.00026  —0.03007 0.00002 —0.00707 —0.02229 0.00004 —0.00845 —0.03986
0 0 0 00 O0O0O0OO0OO0OO 0O
0 0 0 00 O0O0O0OO0OO0OO0TO 0
0 0 0 0o00O0O0OO0OO0OO0OTO
0.00042  0.00033 0.00000 0 0 0O 0 O O 0 O O
0.000021  0.00002 0 00 O0O0O0OO0OO0OO0OTO 0
§ — 0 0 0 000O0O0OO0O0OGO0OO0
‘ —0.00018 —0.00014 0 00O0O0O0OO0OO0O0TO 0
0 0 0 00O0O0O0OO0OO0OO 0O
0 0 0 000O0O0OO0OGO0OO0OO
—0.00121 —0.00091 —0.00003 0 0 0 0 O O O O O
0.0001 0.00008 0 00 O0O0O0OO0OO0OO 0O
0 0 0 000O0O0OO0OO0OO0OO
—0.04137 —0.00006 0 0 0 0 0 0 0 0 0 0
—0.00006 —0.04207 0 0 0 0 0 0 0 0 0 0
0 0 —0.0421 0 0 0 0 0 0 0 0 0
0 0 0 —0.03487 0 0 0 0 0 0 0 0
0 0 0 0 —0.03487 0 0 0 0 0 0 0
R = 0 0 0 0 0 —0.03487 0 0 0 0 0 0
] 0 0 0 0 0 0 —0.03487 0 0 0 0 0
0 0 0 0 0 0 0 —0.03487 0 0 0 0
0 0 0 0 0 0 0 0 —0.03487 0 0 0
0 0 0 0 0 0 0 0 0 —0.03487 0 0
0 0 0 0 0 0 0 0 0 0 —0.03487 0
0 0 0 0 0 0 0 0 0 0 0 —0.03487
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